The flow of binary gaseous mixtures through rectangular microchannels due to small pressure, temperature, and molar concentration gradients over the whole range of the Knudsen number is studied. The solution is based on a mesoscale approach, formally described by two coupled kinetic equations, subject to diffuse scattering boundary conditions. The model proposed by McCormack substitutes the complicated collision term and the resulting kinetic equations are solved by an accelerated version of the discrete velocity method. Typical results are presented for the flow rates and the heat fluxes of two different binary mixtures ͑Ne-Ar and He-Xe͒ with various molar concentrations, in two-dimensional microchannels of different aspect ͑height to width͒ ratios. The formulation is very efficient and can be used instead of the classical method of solving the NavierStokes equations with slip boundary conditions, which is restricted by the hydrodynamic regime. Moreover, the present formulation is a good alternative to the direct simulation Monte Carlo method, which often becomes computationally inefficient.
I. INTRODUCTION
The development of new technologies in the fabrication of microsized mechanical parts and equipment has a major impact on many disciplines including fluid dynamics and transport phenomena.
1 When dealing with flows in the scale of microns or smaller, many unexpected phenomena have been observed. The flow characteristics at the macro and micro levels are not the same and the features of micromechanics require additional basic and applied research work.
In most cases, these problems have been studied by either direct simulation Monte Carlo on the microlevel 2-4 or by adding correction terms to the continuum equations at the macrolevel. [5] [6] [7] In the first approach, a motion of huge number of model particles interacting between them and with solid surfaces is considered. Such calculations require large computer memory and long CPU time. The second approach is based on the velocity slip and temperature jump boundary conditions [8] [9] [10] [11] applied to the Navier-Stokes equations. This method requires less computational effort but it is restricted to moderately small Knudsen numbers, say Knഛ 1.
An alternative methodology to calculate the transport phenomena in microchannels over the whole range of the Knudsen number with modest computational effort is based on the Boltzmann equation [12] [13] [14] or simplified kinetic models, 15 where the basic unknown is the particle distribution function. The macroscopic quantities of practical interest are readily obtained by taking moments of the distribution function.
Such a kinetic approach to rarefied gas flows is very well known and it is successfully used during the last decades to calculate gas flows in vacuum systems. The main results on these flows are resumed in the review. 15 From the mathematical viewpoint, gas flows in microfluidics and in other types of micro electro-mechanical systems ͑MEMS͒ are exactly the same as those in vacuum systems. So, the data summarized in Ref. 15 can be directly applied to microflows over the whole range of the gas rarefaction. Of course, numerical solutions of the kinetic equations are more complicated than those of the hydrodynamic equations. However nowadays, it is easy to solve directly the kinetic equations due to the availability of high speed computers and due to the significant advancement in the computational kinetic theory made during the last years.
Internal rarefied gaseous flows of a single gas in one dimension has been extensively studied over the last several decades and a number of interesting phenomena, which vanish at the continuum limit, have been revealed. 15 This theory has been extended to single gas flows through two dimension rectangular channels, see Refs. [16] [17] [18] . However, in practice one deals with gaseous mixtures more often than with a single gas. In spite of their great practical importance, the gaseous mixture flows have received less attention because of their complexity. It is noted that in gaseous mixtures new transport phenomena appear, i.e., mass and heat fluxes due to the imposed concentration gradient and diffusion due to the imposed pressure, temperature, and concentration gradients. Also in gaseous mixtures, the required computational effort drastically increases, due to a large number of parameters ͑molecular masses and diameters, intermolecular forces, concentration, gas-surface accommodation coefficients͒ involved in the calculations. Such a complexity explains the fact that most of the previous works on internal rarefied gas mixture flows are limited to problems with plane and axisymmetric geometric configurations. [19] [20] [21] [22] Recently, the binary gaseous mixture flow between two plates has been studied in a more detailed and systematic manner, see Refs. [23] [24] [25] [26] [27] [28] , applying the McCormack model. 29 During the course of these recent works, it has been found that this kinetic model provides accurate results with much less computational effort than the Boltzmann equation used for the same problems in Refs. 30 and 31.
Very recently, applying the McCormack model, the flow of gaseous mixtures through a 2D rectangular duct due to an imposed pressure gradient has been solved. 32 Here, this work is extended to the more general problem of a gas mixture flow due to pressure, temperature, and concentration gradients in the longitudinal direction of a rectangular channel. The solution of the coupled kinetic equations is obtained using an accelerated version of the discrete velocity method. 33 The formulation is very efficient and the solution is accurate and valid in the whole range of the gas rarefaction. Therefore, the proposed methodology is more general than the widely used method of solving the continuum equations with the slip boundary conditions, which, in any case, is restricted by the hydrodynamic regime.
II. STATEMENT OF THE PROBLEM
Consider a flow of a binary gaseous mixture through a long microchannel with a constant cross section restricted as −H /2ഛ xЈ ഛ H / 2 and −W /2ഛ yЈ ഛ W /2 ͑H is the channel height and W is its width͒. Without loss of generality, the height is assumed to be smaller or equal to the width of the channel ͑H ഛ W͒. The flow is caused by longitudinal small gradients of pressure, temperature, and concentration defined as
respectively. Here, zЈ is the longitudinal coordinate, while P , T, and C are pressure, temperature, and molar concentration of the mixture in a given cross section. The smallness of the gradients means that
The molar concentration is defined as
where n ␣ , ␣ = 1, 2 is the number density of gaseous species ␣. We neglect the end effects and consider only the longitudinal components of the hydrodynamic velocity and heat flow vectors, which are functions of the transverse coordinates, i.e., uЈ = ͓0,0,uЈ͑xЈ,yЈ͔͒ ͑4͒
and qЈ = ͓0,0,qЈ͑xЈ,yЈ͔͒. ͑5͒
In this case the shear stress tensor ⌸ ij Ј has the nonzero elements ⌸ xz Ј and ⌸ yz Ј , and their symmetric counterparts.
The quantities of practical interest include the mass flow rate, the heat flux, and the diffusion flux given by
qЈ͑xЈ,yЈ͒dxЈdyЈ, ͑7͒
and
respectively. Here, is the mass density of the mixture = 1 + 2 , ͑9͒ ␣ = n ␣ m ␣ is the mass density of each species and m ␣ ͑␣ =1, 2͒ denotes the molecular mass. The hydrodynamic velocity of the mixture is defined as
where u 1 Ј and u 2 Ј are the bulk velocities of each species. It is also convenient to introduce the mean velocity of the mixture
and the so-called peculiar heat flow
The aim of the present work is to calculate the flow rate of the mixture, the heat flux, and the diffusion flux over the whole range of the rarefaction parameter defined as
where P 0 and T 0 are the equilibrium pressure and temperature of the mixture, respectively, is the stress viscosity coefficient of the mixture at temperature T 0 and k is the Boltzmann constant. The mean molecular mass m of the mixture is given by
where
is the equilibrium molar concentration and m a and n 0a denote the molecular mass and equilibrium number density of each species, respectively. Considering that the viscosity is proportional to the molecular mean free path , one can see that the rarefaction parameter ␦ is proportional to the inverse Knudsen number defined as Kn= / H.
III. GOVERNING EQUATIONS
It is convenient to introduce the dimensionless coordinates defined as
Next, because of the smallness of the thermodynamic forces given by Eq. ͑2͒, the Boltzmann equation can be linearized in a standard manner by representing the distribution function of each species as
͑17͒
where c ␣ = ͑c ␣x , c ␣y , c ␣z ͒ is the dimensionless molecular velocity, h ␣ ͑x , y , c ␣ ͒ is the perturbation function of each species and
is the local Maxwellian distribution. Then the system of the kinetic Boltzmann equations for the unknown perturbation functions, in dimensionless form, reads
ͪX Tͬ ,
͑19͒
where ␣ = 1, 2 and
͑21͒
The collision term is the one proposed by McCormack 29 and for the problem under consideration is summarized in the Appendix. A more detailed description may be found in Refs. 22 and 29.
The dimensionless moments of the perturbation function given by Since Eq. ͑19͒ is linear, its solution can be decomposed as
and, consequently, the moments of the distribution function can also split into three independent parts:
The dimensionless velocity and heat flow profiles, given by Eqs. ͑22͒ and ͑23͒ are integrated over the cross section of the duct to yield the reduced mass flow rate
and the reduced heat flux
for ␣ = 1, 2 and i = P , T , C. In the present work, Eq. ͑19͒, subject to diffuse scattering boundary conditions is solved numerically, using an accelerated discrete velocity methodology, 33 for the whole range of the rarefaction parameter ␦ and various values of the aspect ratio H / W. The velocity, heat flow, and stress profiles given by Eqs. ͑22͒-͑24͒ for each imposed thermodynamic force, as well as the mass and heat fluxes given by Eqs. ͑29͒ and ͑30͒, are calculated.
IV. THE ONSAGER-CASIMIR RELATIONS
In Refs. 34-36 the Onsager-Casimir reciprocity relations were obtained in general form for rarefied gas flows without the local equilibrium principle, i.e., for the whole range of the gas rarefaction. In the case of gaseous mixture flowing through tubes and 1D channels these relations are given in Refs. 22,26, respectively. Here we repeat only the key elements of this thermodynamic analysis, properly modified for the case of the 2D rectangular channel flow.
It has been shown that although the fluxes J M , J Q , and J D , defined by Eqs. ͑6͒-͑8͒ linearly depend on the thermodynamic forces X P , X T , and X C the kinetic coefficients of these equations do not satisfy the Onsager-Casimir reciprocity relations. However, the reciprocity relations are fulfilled when the following thermodynamic fluxes are introduced:
wdxЈdyЈ, ͑31͒
͑33͒
Then the thermodynamic fluxes are related to the thermodynamic forces in the matrix form
Since all thermodynamic forces considered here do not change their own sign under the time reversal the OnsagerCasimir relations take the form
͑35͒
All kinetic coefficients have the same dimension and for further derivations it is convenient to use the reduced coefficients in the form
͑36͒
Thus, once the set of coefficients ⌳ ij ͑i , j = P , T , C͒ is known, the fluxes J P , J T , and J C can be easily calculated via Eq. ͑34͒. Then, the fluxes J M , J Q , and J D , which are of practical interest, can be deduced from the expressions
The coefficients ⌳ ij are calculated via the reduced mass flow, heat flux, and diffusion flux of the mixture as
where j = P , T , C. The quantities ⌳ ij are called "reduced kinetic coefficients." 22, 26 The first index i, which may be P , T, or C denotes mass flow, heat flux, and diffusion flux, respectively, while the second index j denotes the imposed thermodynamic force, which is due to a pressure P, temperature T, or concentration C gradient. The coefficients ⌳ PP , ⌳ TT , and ⌳ CC correspond to the so-called direct effects, while the coefficients ⌳ ij with i j, correspond to the so-called cross effects. Since they obey the Onsager-Casimir reciprocity relations, given by Eq. ͑35͒, the total number of unknowns is reduced from nine to six.
V. THE NUMERICAL SCHEME
The discretizations in the phase ͑particle velocity͒ and physical space are based on the discrete velocity method 15 and the diamond difference scheme, 37 respectively. Since the flow is considered as fully developed in the longitudinal direction, first the c z component of the molecular velocity is eliminated by a projection of Eq. ͑19͒ in the ͑c x , c y ͒ phase plane. All related integrals are approximated using Gauss quadratures. For the discretization in the physical space the cross section of the duct is divided in K rectangular elements and then the continuous equations are discretized at the center of each element. The first derivatives in x and y in Eq. ͑19͒ are approximated by centered finite differences in the corresponding direction and then all terms are interpolated in terms of the corresponding quantities at the edges of each element using weighted averages. When the weights are equal, the scheme is known as the diamond difference scheme and the spatial discretization is second-order accurate.
37
As it is well known, when the rarefaction parameter ␦ is large ͑or the Kn number is small͒ the convergence rate of the discrete velocity method is very slow. Also, the large number of iterations may result to accumulated round-off error. For these cases a synthetic accelerated algorithm of the discrete velocity method has been developed recently to reduce significantly the required number of iterations and to ensure accurate results. 32, 33 It is noted that synthetic acceleration schemes have been applied extensively over the years to speed up the slow convergence rates in the solutions of the neutron and radiative transport equations, with dramatic theoretical and practical success. 38 It turns out that these acceleration schemes, with certain modifications, can also be applied with the same success in the iterative solution of kinetic model equations in rarefied gas dynamics. 33 The acceleration scheme is based on the formulation of moment equations, the so-called "synthetic equations," which are solved coupled with the kinetic equation to improve significantly the slow iterative convergence rate of the kinetic equation. This improvement reduces significantly the required CPU time and it is particularly important in multidimensional problems. In the present work the accelerated version of the discrete velocity method 33 is implemented in all cases with ␦ Ͼ 1. 
VI. FREE MOLECULAR AND HYDRODYNAMIC REGIMES
In the free molecular regime every gaseous species flows independently to each other. In this case the solution for a single gas 17 can be used. Then, the kinetic coefficients read
͑50͒
The numerical values of U fm are calculated in Ref. 17 and are given in Table I , for specific values of the aspect ratio.
In the hydrodynamic regime the kinetic coefficient ⌳ PP may be split in two parts as
The first term is calculated from the analytical solution of the Navier-Stokes equation with non-slip boundary conditions to yield
ͪͬ, n = ͑2i + 1͒.
͑52͒
The second term of Eq. ͑51͒ is obtained as the slip correction to this analytical solution and it contains the viscous slip coefficient P calculated in Ref. 23 
obtained in Ref. 26 for a channel with H / W = 0 can be used for any aspect ratio. The expressions for the kinetic coefficients obtained in this section can be used to test the numerical solution near the free molecular and hydrodynamic regimes.
VII. RESULTS AND DISCUSSION
The numerical results presented here refer to the noble gaseous mixtures of Ne-Ar and He-Xe, with various molar concentrations. The molecular masses of these species are 4.0026, 20.183, 39.948, and 131.3 in atomic units for He, Ne, Ar, and Xe, respectively. Thus, the present study includes one mixture with species of molecular masses close to each other and another one with species of quite different masses.
The calculations have been carried out over the wide range of the rarefied parameter 10 −3 ഛ ␦ ഛ 50 with the aspect ratios H / W = 1, 0.5, and 0.1 and various equilibrium molar concentrations C 0 . It is useful to remind that due to the definition of the molar concentration, higher values of C 0 , correspond to higher values of n 01 , which is taken always to be the lighter species.
To calculate the quantities ␣␤ ͑i͒ in Eqs. ͑A1͒-͑A3͒, the omega integrals ⍀ kl ͑ij͒ must be given, which depend on the intermolecular interaction law. It has been shown 26 that the hard-sphere model does not provide reliable results when mixture flow problems are studied. For that reason the omega integrals obtained from experimental data on the transport coefficients in Ref. 39 were used assuming the temperature T = 300 K.
The grid in the physical space is taken 101ϫ 101 for ␦ ഛ 1 and 301ϫ 301 for ␦ Ͼ 1. These phase and physical space discretizations have been found adequate to have reliable results up to at least four significant figures, with a relative convergence criterion of the iterative scheme equal to 10 −6 . The accuracy of the numerical results has been verified in several ways. In all cases tested we have verified the Onsager-Casimir reciprocity relations within the accuracy of the numerical results. Also when we allow our data to reduce to the case of a single gas, by taking m 1 = m 2 and d 1 = d 2 , the well known results based on the Bhatnagar-Gross-Krook and S models are recovered. 17, 18 In addition, for very small values of the aspect ratio our results tend to the corresponding 1D results. 26 Finally, we have verified that for all cases tested our computational results confirm the identity 
which expresses the momentum conservation law. Most of the verifications have been performed by two different computer codes, implementing the typical discrete velocity method and its accelerated version. The reduced kinetic coefficients ⌳ ij for the two mixtures under investigation are tabulated in Tables II-XIII in terms of the rarefaction parameter ␦ for C 0 = 0.5 and for three different values of the aspect ratio. It is noted that for a given value of ␦, as the aspect ratio is decreased, the channel cross section is increased, since the height is kept constant and the width is increased. Thus as the aspect ratio goes to zero, we obtain the 1D channel results for the corresponding value of ␦, which are also shown in Tables II-XIII. The negative sign at some of the kinetic coefficients corresponding to cross effects, imply that in these cases, there is a mass flow or a heat flux opposite to the main flow or flux due to the imposed thermodynamic force ͑gradient͒. For example, the negative sign in front of ⌳ PT and ⌳ CT , implies that the flows caused by the temperature gradient are directed from a lower temperature to a higher one, which are known as thermal creep and thermal diffusion ͑or Soret effect͒ flows, respectively.
In general, the 2D duct flow results given in Tables  II-XIII , have a qualitative behavior similar to those of the single gas case, 17, 18 i.e., in all cases considered here, ⌳ PP has the so-called Knudsen minimum at ␦ ϳ 1, while all other coefficients decrease by increasing the rarefaction parameter ␦ and, finally, vanish at the hydrodynamic limit ͑␦ → ϱ͒. By comparing the results given in Tables II-VII with the corresponding ones given in Tables VIII-XIII , it can be seen that the absolute values of all kinetic coefficients of the He-Xe mixture are considerably higher than those of the Ne-Ar mixture and more specifically the values of ⌳ CP and ⌳ CT are higher about one order of magnitude. This is due to the fact that the He-Xe mixture, compared to the Ar-Ne mixture, has a larger molecular mass ratio. So, the chemical composition of mixture affects strongly the quantitative behavior of the kinetic coefficients.
By comparing the present results with those reported in the preceding paper 26 we conclude that near the hydrodynamic regime all kinetic coefficients except ⌳ PP are very close to those obtained for the 1D flow, i.e., at H / W =0. In accordance to Eqs. ͑53͒-͑57͒ all coefficients ͑except ⌳ PP ͒ do not depend on the aspect ratio in the hydrodynamic regime, i.e., at ␦ → ϱ, while in the transition and free molecular regimes they depend significantly on the aspect ratio. From Tables II-XIII it can be seen that by increasing the aspect ratio all kinetic coefficients decrease drastically. Approximately, we may say that when 0.5ജ H / W ജ 1 the values of all kinetic coefficients, except ⌳ PP , remain about a constant value for 10 −3 ഛ ␦ ഛ 10 −1 , they decrease linearly to ln ␦ for 10 −1 ഛ ␦ ഛ 10 and, finally, they tend to zero for ␦ Ͼ 10.
The behavior of the kinetic coefficients in terms of the molar concentration C 0 for both mixtures is shown in Figs. 1-3 for ␦ = 0.01, 1 and 10, respectively. It is noted that the values of the kinetic coefficients ⌳ CC , ⌳ CP ͑or ⌳ PC ͒, and ⌳ CT ͑or ⌳ TC ͒ at C 0 = 1 must be considered as limit values because in this case the first component of the mixture is single and the corresponding phenomena do not exist. In other words, the limit values correspond to a concentration very close but not equal to 1. It is seen that the variation of C 0 has a small effect on the results in the case of the Ne-Ar mixture, which has a molecular mass ratio m Ar / m Ne Ӎ 2, while it has a much more significant effect on the results of the He-Xe mixture, which has a molecular mass ratio m Xe / m He Ӎ 33. Actually, for the Ne-Ar mixture, the coefficients ⌳ PP , ⌳ TT , and ⌳ PT ͑or ⌳ TP ͒ have a very small variation for 0 ഛ C 0 ഛ 1. The coefficient ⌳ CC is the one with the strongest dependency on C 0 and it increases by increasing the concentration of the lighter component. In the case of the He-Xe mixture the dependency of the results on C 0 is strong and the peak values of the kinetic coefficients ͑except ⌳ CC ͒ occurs around C 0 = 0.7 in all presented cases. 
VIII. CONCLUDING REMARKS
The general flow problem of binary gaseous mixtures through rectangular microchannels due to small pressure, temperature, and molar concentration gradients over the whole range of the Knudsen number has been solved implementing a mesoscale kinetic approach. The kinetic equations based on the model proposed by McCormack, have been solved by an accelerated version of the discrete velocity method. A complete set of results has been provided for the flow rates and the heat fluxes of two gas mixtures ͑Ne-Ar and He-Xe͒, with quite different molecular mass ratio. The effects of the mixture molar concentration and of the aspect ratio ͑height to width͒ of the microchannel on the mass and heat fluxes have been investigated in detail. It will be seen in future work if the numerical results, can be parametrized to provide general algebraic expressions valid for a wide class of noble gas mixtures. 
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The efficient and accurate formulation presented here can be implemented with modest computational effort for any binary gaseous mixture to provide reliable results for the whole range of the gas rarefaction in an unique manner. The proposed methodology must be used instead of the more common approach, which is based on the Navier-Stokes equations with slip boundary conditions, which is, in any case, restricted by the hydrodynamic regime. This is important for microflow simulations in MEMS applications, especially when the characteristic size of the microflow is comparable to the molecular mean free path.
APPENDIX: BASIC ELEMENTS OF THE McCORMACK LINEARIZED COLLISION TERM
The McCormack linearized collision term 29 for the flow problems under consideration reads 
Note that the mixture viscosity is calculated via ␣ as = 1 + 2 . The explicit expressions of ␣␤ ͑i͒ are as follows:
